where Λ u Λ 2 are rings and M is a Λ 2 -^-bimodule have appeared often in the study of the representation theory of Artin rings and algebras. We list just a few references ( [2, §4] , [3] , [4] , [5, §9 and appendix] , [6] , [7, §2] , [9] and [10] ). Such rings appear naturally in the study of homomorphic images of hereditary Artin algebras. For, if Ω is such an algebra, since Ω must have a simple injective left module it follows that Ω can be put in the form (0.1) with Λ t a semisimple Artin ring. One of the main reasons rings of the form (0.1) are so useful is that their modules can be studied by knowing the Λ x and Λ 2 modules together with certain homomorphisms. In particular, we have (0.2) THEOREM. [4] Let Γ be the ring A, 0 M Λ 2 The category of left Γ-modules is equivalent to the following category: the objects are triples (X, Y, f) where X is a left Λ r module, 7 is a left Λ 2 -module and /eHom^ (M®^ X, Y) . The morphisms a: (X, Y, f) -> (X\ Y\ /') are pairs a = (a l9 a 2 ) where a x e Hom^ (X, X'), a 2 e Hom^ (Y 9 Y') such that the following diagram commutes 124 EDWARD L. GREEN 1 M (g)aΛ \a 2 In this paper we study rings of the form (0.3) I* * where M is a Λ 2 -^-bimodule and iSΠs a Λ x -^-bimodule. I. Palmer developed results on the homological and projective dimensions of such rings in [8] . The first section of this paper contains notation and a structure result which is analogous to Theorem (0.2). The remainder of the paper studies rings of form (0.3) in special cases.
The goal is to reduce the study of modules over such rings to modules over generalized lower triangular rings. Under certain hypothesis this is done in the case where Λ 1 is a semisimple Artin ring or a left Artin ring whose Jacobson radical is square zero. A study of more general cases is conducted in §3. In §4, we give a useful application of the results of §2 and a number of examples.
l Notation and a structure result* Throughout this paper we keep the following notation. Let Λ lf Λ 2 be rings. Let M be a Λ 2 -Λi-bimodule and let Nhe a Λ x -yί 2 -bimodule. Let φ\ M(& Λl N-> Λ 2 be a Λ 2 -Λ 2 -bimodule homomorphism and let ψ: NQ Λz M-^ A x be a Λ x -Λi-bimodule homomorphism. Let
A x N M
We define addition of elements of Γ componentwise and multiplication by
For Γ to be an associative ring we must have
) and nφ(m 0 n') -for all m,m f eM and n, n r e N. We henceforth assume (1.2) is always satisfied by φ and ψ. With the above definitions Γ is an (associative) ring.
If R is ring, we let Mod (R) denote the category of left Rmodules. We now introduce a category which we will show is equivalent to the category Mod(Γ). Let jy(Γ) be the category whose objects are tuples (X, Y, f, g) (Y, Y r ) so that the following diagrams commute:
Although the proof of the following result is just a generalization of the proof of Theorem (0.2) and implicitly contained in [8] , since it is of central importance to the remainder of the paper, we include a sketch of the proof for completeness.
( 1. 2 ) by G(a lf α 2 )( J) = ( J(J)) for ^e J, 2/e7. Again it is easy to verify that G(a lf a 2 ) is a Γ-homomorphism.
Finally we leave it to the reader to check that GF is naturally equivalent to l M od<n and FG is naturally equivalent 1^( Γ) .
• Note that if either M = 0 or i SΓ = 0 then (1.2) and (1.3) are vacuously satisfied. Thus, in either of these cases, Theorem (1.5) reduces to Theorem (0.2). We will need another structure result. Consider the generalized lower triangular ring (1.6) where each J?* is a ring, U is an R 2 -i? r bimodule, V is an R s -R 2 -bimodule and W is an R 3 -i^-bimodule. Addition in Σ is defined componentwise and multiplication is defined by [ + ψ(v(x) (1.5) .
•
The remainder of this paper is devoted to showing that under suitable hypothesis, the study of Mod (Γ) where Γ is of form (0.3) may be reduced to the study of Mod (Σ) for some "simpler" ring [of the form (1.6)]. We call such results "separation" theorems for obvious reasons. In this section we will be concerned with the case where A x is a left Artin ring with Jacobson radical r where r 2 = 0. Before proceeding we state the following basic result: 
is representation equivalence; that is, H is full and dense and AeMod(A) is indecomposable if and only if H(A) is indecomposable in Gr(A/r, r).
Π For the remainder of this section we assume that (2.3) (a) A x is a left Artin ring with Jacobson radical denoted r.
(b) r 2 = 0 (c) M Λl is a right semisimple Λ-module (d) JV^ is a left semisimple A^module (e) the image of ψ is contained in r. Note that under the above conditions (2.1) is satisfied. Let T be the ring
where A -ΛJr and T has multiplication given by
We are now in a position to state and prove the main result of this section. 
4). There is a canonical additive functor F: Mod (Γ) ->Mod(Γ) which has the following properties:
(
) for all but a finite number of nonisomorphic indecomposable T-modules 9 if B is. an indecomposable T-module then there exists a Γ-module A so that F(A) -B as T-modules. (3) if A, A! 6 Mod (Γ) then F(A) ~ F{A r ) as T-modules if and only if A = A! as Γ-modules. (4) if Ae Mod (Γ) then F(A) is indecomposable as a T-module if and only if A is indecomposable as a Γ-module.
Proof. We identify Mod (Γ) with ^f{Γ) and Mod (T) with Define the functor F: Mod (Γ) -> Mod (Γ) as follows. Let (X, Y, /, g) e Mod (Γ). Set X' = X/rX and X" = image of g. Let p: X-* X' be the canonical surjection. Let X'" = p(X") and X, = X'/X'". Let X 2 = (image of g) + rX, (viewing image of g and rX as submodules of X). First we note that I 1 φI 2 = fl«I = 0, Next we show that / induces a 4rhomomorphism f 1 
This sequence is split since im g £ left socle of X which follows from the assumption that Λ X N is a semisimple ^-module. Thus the multiplication map r ®^ im g -> rX is zero. From this it follows that Λ'(r ®j X'") = 0. Since 0 -> X'" -^ X' -> X x -> 0 is a split exact sequence (X' is a semisimple .^-module), Λ'(r ®jX"') = 0 and rX£ X 2 , we get a canonically induced map h λ : r ® Δ X t -* X 2 . It can be verified, using (1.3) 
that the following diagram commutes
We define F(X, Γ, /, ff ) -(Xi, Γ, X 2 , Λ, ffi, Λi).
We define JP on morphisms as follows. If (a lf a 2 ): (X, Y, /, gf) -• (X', F', /', ί/') is a Γ-morphism then α x (im gr) £ im #' by (1.4) , a x {rX) £ rX' and hence α x (ίc 2 ) £ X 2 '. Thus we get an induced map S 2 :X 2 -»X 2 \
Since a t induces a map a t : X/rX -> X f \rX r so that α^in gr/rX Π im #) C im gr/rX' Π im g* we get an induced map δ t : X ± -> X[. We set F(a u α 2 ) = (δ lf α 2 , δ 2 ). Again the reader can verify that (8 l9 a 29 δ 2 ) is a Γ-morphism.
We now verify properties (l)-(4). Property (1) holds since X x 0X 2 = 0<=>X = 0. We now verify (2) . Γί ->1^2 and ΐ^ £ X 2 \ Since im g x + im ^ = X 2 , for i = 1, 2, im $ + im ftί = X 2 \ Let ^ £ X 2 * so that X 2 ' = Vi(&Z 2 and im $ = (im g\ Π Vi) 0 (im #j D ^ ). This is possible since X} is a semisimple J-module. Finally, let V= V x 0 F 2 and Z = Z x 0 Z 2 . Then F = im fc x . Now X 2 £ X. In particular, Z £ X. By choice of Z, we have that Z is a semisimple ^-module and Zgim^J. But im^) = rX, by construction of λ lβ Thus X= Uξ&Z and we have the following easily verified properties: 
2). We see that H(U) -(X lf V, hj. The decomposition (2.6) yields a decomposition

H(U) = (XI, V u h{) © (XI V 2i hΐ) .
By Theorem (2.2), we get a decomposition U = U x 0i7 2 so that JEΓCZT"*) = (Xi, V if hf) for i = 1, 2. We now leave it to the reader to check
where /': Jlίφ^ (IT, ® Z τ ) -> Γ 4 is defined by the composition and g ι : N® Λ^ Yi-^Uiφ Z t is defined by the composition
Finally, we sketch a proof of property (3). Let A, A' e Mod (Γ) so that F(A) = F(A') as T-modules. Let A -(X, Y, f, g), A' = (X',Γ',/',ff'), ^(A) = (UΛΛϊJi) and F(A0 -(Xl 9 Y' 9 Xi,f'»g[,f[).
Let («!, α 2 , α 8 ): ^(-A) -»F(^4') be a T-isomorphism. As in the proof of property (4), one may write X = U®Z where Z is a semisimplê -module, /(ΛΓ® i<1 Z) = 0 and Z£img. Similarly X'=U'@Z'. Using the functor H: Mod (^J -> Gr(zf, r), as in (4), it is not difficult to show (a lf a 2 , a 3 
) induces an isomorphism H(U) -> H{U'). This lifts to an isomorphism U->U' by (2.2). Furthermore, by appropriate choice of Z'', (a lf a 2 , α 8 ) induces an isomorphism Z->Z\
Thus we get a ^-isomorphism a: U@Z-> U' φ Z\ Lastly, one verifies that (a, a 2 ): A -> A! is a Γ-isomorphism.
We say a ring i2 is of (left) finite representation type if there are only a finite number of nonisomorphic indecomposable finitely generated left ϋί-modules. If R is not of finite representation type we say R is of infinite representation type. As an immediate consequence of Theorem (2.5) we get •
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This result has many useful applications. For, assume the hypothesis of (2.5) hold. In general, Γ need not have finite left global dimension. But by [9, §4] Proof. By (2.1), the image of ψ = I is contained in annikf^ Π ann ίjL N. But Γ == Jim f. Thus Γ = If (iNΓ®j 2 M) = 0. Since I is a two-sided ideal in a semisimple ring we conclude / = 0.
• It now follows that properties (a)-(e) of (2.3) (
1) if AeMod(Γ) then F(A) = Q<=»A = 0 (2) for all but a finite number of nonisomorphie indecomposable T-modules, if B is an indecomposable T-module, there is an Γ-module A so that B ~ F(A) as T-modules. (3 ) if A 9 A'e Mod (Γ) then F(A) = F{A') as T-modules if and only if A ~ A! as Γ-modules. (4) if Ae Mod (Γ) then F(A) is an indecomposable T-module if and only if A is an indecomposable Γ-module.
• (2.10) COROLLARY. Keeping the hypothesis of (2.9) . Γ is of finite representation type <=> T is of finite representation type.
• 
(T t ).
Since the proof is analogous with the first part of Theorem (2.5) we only define the functors on objects and leave the rest to the reader. Thus 5 is a direct summand of G^B).
The last part of the theorem follows immediately.
• By example (4.2) we see that Γ may be of infinite representation type and yet ϊ\ is of finite representation. We conclude this section by giving an application of Theorem (3.3) . • Example (4.2) shows that the converse is not true.
4* Applications and examples* We begin with an application of Theorem (2.9).
(4.1) Let Ω be a left Artin ring and let P be a left protective ideal in Ω such that (a) Endβ (P) is a semisimple ring (b) if Q and Q' are indecomposable projective left 42-modules and /: Q -»Q f is a nonzero i2-morphism then / factors through P <=* either Q or Q f is isomorphic to a direct summand of P. Then Ω is of left finite representation type if and only if the ring /End*(P) 0 Σ = I Horn,, (P, P*) Ends (P*) \ 0 Horn., (P*,P)
is of finite representation type where P φ P* is a finitely generated projective generator for Ω such that no direct summand of P* is isomorphic to a direct summand of P. 
\M Λ )
we see *^a^ P r°Per^y ( a ) implies Λ x is a semisimple ring and property (b) implies that the multiplication map Λf φ^ JV-> Λ 1 is zero. Finally noting that a left Artin ring is of finite representation type implies that the ring is right Artin and of finite representation type, we can see the result follows from Theorem (2.9).
• (4.2) We now give an example which verifies a number of remarks made in earlier sections.
Let Γ = (JJA) where ' + a'b) Thus applying [5, appendix] , since the separated quiver of Γ is Γ is of infinite representation type. We now consider 2\ of §4. Namely
The ring 2\ has radical square zero but its separated quiver is
Hence T x is of finite representation type [5, appendix] and we conclude that the converse of Theorem (3.3) does not hold. We now apply the results of §2. Let T be the ring We show (i) Γ has infinite left global dimension Γ is of radical cubed zero T is an hereditary Artin algebra (i.e., gl. dim. T = 1) T is of finite representation type Γ is of finite representation type.
(ii) (iii) (iv) (v) /(k\\
I\O/J = S.
First we show (i). Consider the simple F-module (That is, S^S, as ^-modules and (°M ^ S = 0.) Let 0 P -> S -> 0 be an exact sequence of Γ-modules with P-+ S the Γ 1 -//0\\ projective cover of S. Then ϋΓ = S' = \ ^ / ) where S' is the simple \ 0 / /o M jΓ-module which as a /ί-module is isomorphic to S 2 and ί ^ ^ IS' = 0. Now let 0 -> L -> Q -> S r -> 0 be an exact sequence of Γ-modules so that Q -> S' is the Γ-projective cover of S'. Then S is a direct summand of L and we conclude that the left projective dimension of S is infinite. Properties (ii) and (iii) are immediate. Applying [5, appendix] , since the quiver of T is we conclude that T is of finite representation type. Property (v) follows from (2.7) . It is worthwhile noting that without Theorems (2.5) and (2.7) there is no known method of attacking the question of whether or not Artin rings of radical cubed zero are of finite representation type.
